Near-field radiative transfer between two objects can be computed using Rytov's theory of fluctuational electrodynamics in which the strength of electromagnetic sources is related to temperature through the fluctuation-dissipation theorem, and the resultant energy transfer is described using the dyadic Green's function of the vector Helmholtz equation. When the two objects are spheres, the dyadic Green's function can be expanded in a series of vector spherical waves. Based on comparison with the convergence criterion for the case of radiative transfer between two parallel surfaces, we derive a relation for the number of vector spherical waves required for convergence in the case of radiative transfer between two spheres. We show that when electromagnetic surface waves are active at a frequency the number of vector spherical waves required for convergence is proportional to R max /d when d/R max → 0, where R max is the radius of the larger sphere, and d is the smallest gap between the two spheres. This criterion for convergence applies equally well to other near-field electromagnetic scattering problems. 33-40 (1962 
Introduction
Electromagnetic scattering from a sphere is a well studied topic since the seminal work of Mie [1] . The sphere is one of the few bodies for which the scattering behavior has been thoroughly investigated and hence can be used as an approximation to model interaction of electromagnetic radiation with particulate matter. Study of electromagnetic scattering from two spheres and in general from multiple spheres is equally important as it is necessary to understand the effect of multiple scattering from closely spaced particles. The first computationally viable solution to the problem of electromagnetic scattering by two spheres of arbitrary size was put forward by Bruning and Lo [2, 3] . Prior works [4, 5] involved the time consuming computation of Wigner's 3-j symbols [6] while applying the translational addition theorem introduced by Stein [7] and Cruzan [8] . Bruning and Lo overcame this problem by introducing an efficient recurrence relation to compute the translation coefficients.
In the analysis of scattering by spheres, depending on the location of the point at which the scattered electric and magnetic fields are calculated (or measured), far-field or near-field effects can dominate. For a sphere of radius R and excitation source of wavelength λ , near-field effects are dominant in regions that satisfy the condition R r λ . The far-field approximation is sufficient when (1) r R, and (2) r λ . Here r is the distance between the center of the sphere and the point at which the scattered fields are calculated. Some of the practical applications of mulitple sphere scattering, ranging from the study of scattering from aerosols [9] and soot particles [10] to applications like study of light scattering from comet dust [11] , involve far-field phenomena -i.e., near-field effects are unimportant. The near-field response of a particle or surface to an electromagnetic excitation source is crucial in many applications, e.g. in surface enhanced Raman spectroscopy [12, 13] , near-field scanning optical microscopy [14, 15] , plasmonics and sub-wavelength optics [16] [17] [18] , van der Waals and Casimir forces [19] , near-field thermal radiative transfer [19, 20] , and near-field thermal imaging [21, 22] . In particular, the near-field contribution to the thermal radiative transfer between polar dielectric surfaces (like SiO 2 , SiC, etc) separated by a vacuum gap is dominated by tunneling of electromagnetic surface modes [23] [24] [25] . These modes are characterized by the presence of large energy density at the interface between the dielectric medium and vacuum and decay rapidly with distance from the surface [19] .
Near-field effects lead to enhancement of thermal radiative transfer beyond the limits imposed by Planck's theory of thermal radiation [26] [27] [28] [29] [30] [31] [32] and can be exploited to increase the efficiency and power density of thermophotovoltaic [33] [34] [35] as well as thermoelectric energy conversion devices [36] . Experimental confirmation of near-field enhancement of thermal radiation beyond Planck's limit has been possible by measuring radiative transfer between a microsphere and a flat surface [27, 28, 30, 37] , and between two parallel surfaces [38] [39] [40] . However, with parallel surfaces, it has not been possible to explore near-field effects at sub-micron gaps. For this reason, numerical models of near-field radiative transfer between spherical surfaces are important. A method similar to the Mie theory, based on the vector spherical wave expansion, has been used to model such phenomena when spherical particles are involved [41] . We shall focus here on the numerical convergence of the vector spherical wave expansion method when near-field effects due to electromagnetic surface modes on the surface of a sphere are dominant. In particular, we will demonstrate the importance of a new convergence criteria by calculating the enhanced thermal radiative transfer between two silica spheres due to the tunneling of electromagnetic surface modes.
Vector spherical wave expansion
Let us consider the problem of scattering of an electromagnetic plane wave from a spherical particle in a homogeneous medium (vacuum) to give a brief introduction to the vector spherical wave expansion method that is used in this work. The origin of a spherical coordinate system, with respect to which the position vector r r r = (r, θ , φ ) is defined, is located at the center of the sphere. The vector spherical waves, which are the fundamental solutions of the vector Helmholtz equation:
are given by:
where M M M 
lm (θ , φ ) are vector spherical harmonics of order (l, m) and can be expressed in terms of the spherical harmonics Y lm (θ , φ ) and their derivatives [41, 42] .
The vector spherical waves lm (kr r r) allows the scattered electromagnetic field to be expanded in an infinite series as [43] : [44] . When multiple spheres are involved, boundary conditions have to be satisfied simultaneously on the surface of each of the spheres. This can be achieved by using the vector translation theorems that relate the vector spherical waves with respect to the center of one of the spheres to the vector spherical waves with respect to the center of another sphere [45] [46] [47] .
Convergence criteria
Irrespective of single sphere or multiple sphere scattering, as a practical matter, the infinite series in Eq. (4) and Eq. (5) need to be truncated (in indices l and m), retaining only enough terms necessary to ensure a sufficiently accurate approximation. The number of terms to retain depends on different length scales pertinent to the problem. For far-field scattering by a single sphere, the relevant length scales are the radius of the sphere, R, and the wavelength of incident radiation, λ . The number of terms for convergence N conv is given by [44, 48, 49 ]
where x = 2πR/λ , and a is 1 or 2 and b is 4 or 4.05, depending on x. These values of a and b are obtained empirically and the resulting expansion gives an error less than 0.01 %. For far-field scattering by two spheres shown in Fig. 1(a) , the relevant length scales are the radii of spheres R 1 and R 2 , the wavelength λ , and the center-to-center distance between the spheres, D. In this case, a different criterion has been proposed [50] 
where e is the base of natural logarithm. While the convergence criteria in Eq. (6) and (7) are relevant for far-field scattering, near-field effects lead to several peculiarities and hence we can expect different criteria for the number of terms of convergence. This is especially true when surface plasmon and/or phonon polaritons lead to enormous enhancement of the field amplitude near the interfaces. Hence for problems involving near-field effects the role of the gap d between the bodies can be expected to be prominent in deciding the number of terms for convergence. The fact that scattering and absorption of evanescent waves lead to increased contributions from higher order terms has been recognized previously. While analyzing scattering and extinction by small particles, Quinten et al [51] noted the increase in the contributions from higher order modes for scattering and absorption by evanescent waves as compared to propagating waves. Yannopapas and Vitanov [52] noticed difficulty in attaining convergence while calculating local density of states (LDOS) near the surface of a metallic sphere. However an explicit form for the number of terms for convergence along the lines of Eq. (6) or (7) has not been proposed for near-field scattering. A brief mention of a convergence criteria was made by Narayanaswamy and Chen in their analysis of surface phonon polariton mediated near-field radiative transfer between two closely spaced spheres [41] . While a scaling form for the number of terms of convergence was proposed, a more detailed error analysis was not pursued. In this paper a comprehensive error analysis has been made for computation of near-field radiative transfer between two silica spheres of equal radii. Based on the error analysis we propose a criterion for the number of terms required to attain an error of less than 1% . We also extend this formulation for the case of two spheres of unequal radii.
Two sphere problem
Only a brief desription of the two sphere problem relevant to the topic of convergence of the vector spherical wave expansion method is discussed here. The configuration of two spheres which lie on the common z-axis and whose centers are separated by a distance D is shown in Fig. 1(a) . The symmetry in this configuration of the two spheres ensures that Eq. (4) and Eq. (5) can be simplified to be written as:
where the symbol (m, 1) refers to the greater of m and 1. This step is more useful than the trivial simplification it appears to be. In Eq. (8) and (9), the computation for a given value of m is decoupled almost entirely from other values of m. The only link between computations for different values of m is that the recursive scheme for calculating vector translation coefficients at m requires the coefficients for m − 1 and m − 2 [53] . The quantity of interest in near-field radiative transfer is the linearized thermal conductance G (units WK −1 ) between the two spheres. It is defined as:
where
is the rate of heat transfer between the two spheres at temperatures T 1 and T 2 . Just as scattering or absorption coefficients can be used as metrics to gauge convergence for far-field radiation, we can similarly use conductance to gauge the convergence of scattering response in the near-field region. The heat transfer parameter G is related to the electromagnetic problem by expressing it in terms of the vector spherical expansion of the dyadic Green's function of the vector Helmholtz equation [41] . The expansion is similar to Eqs. (4) and (5) [43, 45] . Further details of the elctromagnetic formulation are available in Narayanaswamy and Chen [41] . The spheres are made of silica, the dielectric function of which is plotted as a function of frequency in Fig. 1(b) . By observing the variation of the dielectric function with frequency it can be deduced that silica supports surface phonon-polaritons between 0.05-0.065 eV and 0.13-0.1405 eV. Hence computations are carried out in the frequency range 0.04-0.16 eV. In addition to conductance G, we also define a spectral conductance G ω (ω) that is related to G by the relation G = G ω (ω) dω. The behavior of G ω (ω) is useful in showing the difference in convergence depending on whether or not surface phonon polaritons are active at that frequency. The numerical scheme itself proceeds along the following lines: (1) Choose a value of l = N conv to truncate the summation over l in Eq. (8) and Eq. (9). (2) Compute the electric and magnetic fields for each value of m, and from that the contribution to G ω (ω). This step is continued until the contribution from m = M conv has reached a sufficiently low value. (3) Repeat steps (1) and (2) for all frequencies to obtain G. Even though all values of m satisfying |m| ≤ N conv can contribute to the overall conductance, we will show that M conv N conv in practice.
Convergence of summation over l
To find the number of l terms required in Eq. (8) and Eq. (9) for convergence of near-field quantities for the two sphere problem, comparison is drawn with the well understood case of near-field transfer between two half-spaces [23, 24, 54] . In the latter case, the summations in Eq. (8) and Eq. (9) are replaced by integrals of the form
k in is the in-plane wavevector, z is the spacing between the two half-spaces, and f (k in ) is an appropriately defined function. It is seen that only wavevectors satisfying the condition k in 1/z contribute to the integral. The equivalent of the in-plane wavevector for a sphere is the wavelength of spatial variation of the field on the surface of the sphere. For l = N conv , the periodicity of the spatial variation is determined by the behavior of Y N conv ,m , |m| ≤ N conv . The smallest wavelength on the surface is given by 2πR/N conv , resulting in a maximum in-plane wavevector-equivalent of N conv /R. By analogy with the convergence requirement for two halfspaces, we obtain N conv /R ∼ 1/d or
where C is a constant (or a weak function of R) that is dependent on the desired accuracy of the conductance. This criterion is sufficient for the analysis of radiative transfer between spheres of submicron radii where the radiative transfer is dominated by near-field effects. However, for spheres of larger radii where the contribution from propagating waves is not negligible, we have observed that the above criterion is not sufficient to attain convergence and the equation needs to be modified to :
with the additional term taken from Eq. (7). In order to quantify the error due to retaining contributions only from wave functions with l ≤ N in Eq. (8) and Eq. (9), the conductance G and spectral conductance G ω are plotted as a function of N in Fig. 2 and Fig. 3 respectively. It is seen that an exponentially decaying function of the form G (N) = G ∞ + ae −bN matches the variation of G (and G ω ) adequately, where G ∞ denotes the value of G as N → ∞, and a and b are constants. The relative error E(N) (in %) for total conductance, defined as E(N) = (G(N) − G ∞ )/G ∞ , is also plotted in Fig. 2 . The conductance G (N) and error E (N) for R = 10 μm and R = 25 μm, with d/R = 0.01, are shown in Fig. 2(a) and 2(b) respectively. The difference between the convergence of the numerical method at nonresonant (0.1005 eV) and resonant (0.061 eV) frequencies is illustrated by plotting the spectral conductance for R = 10 μm and d/R = 0.01 as a function of N in Fig. 3(a) and Fig. 3(b) . Also plotted are the relative errors in spectral conductance at these frequencies.
The exponential decay in the error values is observed for both these frequencies. As expected, convergence to a given relative error requires a larger value of N at a resonant frequency than at a non-resonant frequency. For instance, at N = 2R/d the relative error for the resonant frequency is ≈ 3 % while it is ≈ 0.2 % at the non-resonant frequency.
While Eq. (12) proposes a scaling form for N conv , the constant C needs to be quantified for attaining a given relative error. This can be obtained by analyzing the variation of N conv with R/d for spheres of different radii. Figure 4 shows the dependence of N conv to attain 1 % error on R/d for spheres of both submicron radii and larger radii at the resonant frequency (0.061 eV). It is apparent that C assumes a constant value (≈ 2.72) at the resonant frequency. For total conductance, C = 2 is sufficient to attain 1% error as seen in Fig. 2 . It should be noted that these values of C are particular to the case of radiative transfer between silica spheres. This constant is expected to vary weakly with the dielectric properties of the material(s) of the spheres. However the scaling form shown in Eq. (11) was proposed without taking into consideration the material of the spheres and hence can be used for any material that supports surface phonon or plasmon polaritons.
For the sake of completion we have also analyzed the convergence of conductance between spheres of unequal radii. For two spheres of radii R 1 and R 2 with R 1 < R 2 , N conv can be expected to scale with R 2 as:
